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Abstract
On the basis of Brylinski’s work, we introduce a notion of equivari-
ant smooth Deligne cohomology group, which is a generalization of both
the ordinary smooth Deligne cohomology and the ordinary equivariant
cohomology. Using the cohomology group, we classify equivariant circle
bundles with connection, and equivariant gerbes with connection.
1 Introduction
The smooth Deligne cohomology group is a generalization of the cohomology
group with coefficients Z in such a way that it incorporates the information of
differential forms [7, 11, 13, 15]. For a non-negative integer N fixed, the smooth
Deligne cohomology group Hm(M,F(N)) of a smooth manifold M is defined
to be the hypercohomology of the complex of sheaves F(N) on M given by
T
1
2pi
√
−1d log−→ A1 d−→ A2 d−→ · · · d−→ AN −→ 0 −→ · · · ,
where T is the sheaf of germs of smooth functions with values in the unit circle
T = {z ∈ C| |z| = 1}, and Aq is the sheaf of germs of smooth differential q-forms
with values in R.
The usefulness of the smooth Deligne cohomology groups would be best
understood by their geometric interpretations. Recall the following geometric
interpretations of ordinary cohomology groups of low degree.
Proposition 1. Let M be a smooth manifold.
(a)(Kostant [21], Weil [27]) The isomorphism classes of principal T-bundles
(Hermitian line bundles) over M are classified by H1(M,T) ∼= H2(M,Z).
(b)(Giraud [16]) The isomorphism classes of gerbes over M are classified by
H2(M,T) ∼= H3(M,Z).
In the above, a “gerbe” means a gerbe with band T [7, 16]. We remark that a
class in H2(M,T) ∼= H3(M,Z) admits the other geometric interpretations. (See
[15, 19, 23] for example.) We also remark that an interpretation of cohomology
groups of the degree equal or greater than four requires notions of higher gerbes
[8, 9, 14, 26].
The geometric interpretation of smooth Deligne cohomology groups is ob-
tained as a generalization of Proposition 1.
1
Proposition 2 (Brylinski [7]). Let M be a smooth manifold.
(a) The isomorphism classes of principal T-bundles with connection over M
are classified by H1(M,F(1)).
(b) The isomorphism classes of gerbes with connective structure and curving
over M are classified by H2(M,F(2)).
When a Lie group G acts on a smooth manifoldM , one often consider equiv-
ariant cohomology groups to include the information of the group action. The
standard definition of equivariant cohomology groups is the Borel construction
[1], that is, HmG (M,Z) = H
m(EG×GM,Z). However, to obtain an equivariant
generalization of Proposition 1, we consider the other cohomology.
In the case that a Lie group G acts on a smooth manifold M , we have a
simplicial manifold ([12, 25]) G• ×M = {Gp ×M}p≥0. The family of sheaves
{TGp×M}p≥0 gives rise to a simplicial sheaf [10] over G• ×M , where TGp×M
is the sheaf of germs of T-valued smooth functions on Gp ×M . We denote the
hypercohomology of this simplicial sheaf by Hm(G• ×M,T). Note that, if G
is compact, then there is an isomorphism Hm(G• ×M,T) ∼= Hm+1G (M,Z) for
m ≥ 1.
Proposition 3 (Brylinski [6]). Let G be a Lie group acting on a smooth
manifold M .
(a) The isomorphism classes of G-equivariant principal T-bundles over M
are classified by H1(G• ×M,T).
(b) The isomorphism classes of G-equivariant gerbes over M are classified
by H2(G• ×M,T).
The purpose of the present paper is to formulate “equivariant smooth Deligne
cohomology groups” which allow one to have an equivariant generalization of
Proposition 2. The formulation owes the fundamental ideas to Brylinski’s paper
[6]. Let G• ×M be the simplicial manifold associated to the group action of
G on M . On each piece Gp ×M of this simplicial manifold, we introduce a
complex of sheaves F¯(N)Gp×M by
T
1
2pi
√
−1d log−→ A1rel d−→ A2rel d−→ · · · d−→ ANrel −→ 0 −→ · · · .
In the above, we denote by Aqrel the sheaf of germs of relative differential q-forms
on Gp ×M with respect to the fibration π : Gp×M → Gp × pt, where pt is the
manifold consisting of a single point. The family {F¯(N)Gp×M}p≥0 gives rise to
a complex of simplicial sheaves F¯(N) on G• ×M .
Definition 1. Let G be a Lie group acting on a smooth manifoldM . We define
the equivariant smooth Deligne cohomology group Hm(G•×M, F¯(N)) to be the
hypercohomology of the complex of simplicial sheaves F¯(N) on G• ×M .
When G is a finite group, the equivariant smooth Deligne cohomology group
above coincides with the Deligne cohomology group for the orbifold M/G intro-
duced by Lupercio and Uribe [22].
Now we state the generalization of Proposition 2 and Proposition 3.
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Theorem 1. Let G be a Lie group acting on a smooth manifold M .
(a) The isomorphism classes of G-equivariant principal T-bundles with G-
invariant connection over M are classified by H1(G• ×M, F¯(1)).
(b) The isomorphism classes of G-equivariant gerbes with G-invariant con-
nective structure and G-invariant curving over M are classified by H2(G• ×
M, F¯(2)).
By virtue of this classification, we can extract various informations of equiv-
ariant gerbes with connection (i.e. G-invariant connective structure and G-
invariant curving) from the knowledge of cohomology groups. For example,
we obtain obstruction classes for an ordinary gerbe with connection to being
equivariant (Corollary 5.18). In [17], a similar cohomological method is applied
to the study of relationships between G-equivariant gerbes with connection over
M and gerbes with connection over the quotient space M/G.
The organization of this paper is as follows.
In Section 2, we define the smooth Deligne cohomology group, and review
its basic properties.
In Section 3, we introduce the equivariant smooth Deligne cohomology group
Hm(G• ×M, F¯(N)). For this aim, we define the simplicial manifold G• ×M
and explain the hypercohomology of a simplicial sheaf. The Cˇech cohomology
description is also explained.
In Section 4, we study the equivariant smooth Deligne cohomology group in
the relations with the ordinary smooth Deligne cohomology, the ordinary equiv-
ariant cohomology, and the group of invariant differential forms. In addition,
we construct a homomorphism to the equivariant de Rham cohomology.
In Section 5, we first give the classification of equivariant principal T-bundles
with connection. For this aim, we give the “simplicial” formulation of equiv-
ariant principal T-bundles, following the paper [6]. We next give the notion of
equivariant gerbes with connection. (To save the pages, we drop the definition
of gerbe itself. We refer the reader to [7, 8].) Then we state the classification
of equivariant gerbes with connection by using the equivariant smooth Deligne
cohomology. Some results on equivariant gerbes with connection are derived as
a simple application of results in Section 4.
Conventions. Throughout this paper, we make a convention that a “smooth
manifold” means a paracompact smooth manifold modeled on a topological
vector space which is Hausdorff and locally convex. We also assume the existence
of a partition of unity. Examples of such a manifold cover not only all the finite
dimensional smooth manifolds, but also a sort of infinite dimensional manifolds.
(The most important example of the infinite dimensional case would be the loop
space of a finite dimensional smooth manifold. See [7] for detail.)
We also make a convention that a “Lie group” means a Lie group whose
underlying smooth manifold is of the type above. When a Lie group G acts on
a smooth manifold M , we assume that the action is smooth. We denote the
action by juxtaposition: we write gx ∈ M for g ∈ G and x ∈ M . We always
denote by e ∈ G the unit element of the Lie group.
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2 Review of Smooth Deligne cohomology
This section is devoted to recalling ordinary smooth Deligne cohomology groups
[7, 11, 13, 15].
2.1 Smooth Deligne cohomology groups
Let M be a smooth manifold. We denote by TM the sheaf of germs of smooth
functions with values in T = {u ∈ C| |u| = 1}. For a non-negative integer q, we
denote by AqM the sheaf of germs of R-valued smooth q-forms on M .
Definition 2.1 ([7]). Let N be a non-negative integer.
(a) We define the smooth Deligne complex F(N)M to be the following com-
plex of sheaves on M :
F(N)M : TM
1
2pi
√
−1d log−→ A1M d−→ A2M d−→ · · · d−→ ANM −→ 0 −→ · · · ,
where the sheaf TM is located at degree 0 in the complex.
(b) The smooth Deligne cohomology group Hp(M,F(N)M ) is defined to be
the hypercohomology group of the smooth Deligne complex.
We often omit the subscripts of TM , A
q
M and F(N)M .
Remark 1. Let Z(N)∞D be a complex of sheaves given by
Z(N)∞D : Z
i−→ A0 d−→ A1 d−→ A2 d−→ · · · d−→ AN−1 −→ 0 −→ · · · ,
where we regard Z as a constant sheaf overM . The smooth Deligne cohomology
often refers to the hypercohomology Hp(M,Z(N)∞D ). Since Z(N)
∞
D is quasi-
isomorphic to F(N − 1) under a shift of degree, we have Hp(M,Z(N)∞D ) ∼=
Hp−1(M,F(N − 1)).
The smooth Deligne complex fits into the following short exact sequences of
complexes of sheaves on M :
0→ {T→ A1 → · · · → ANcl} → F(N) d→ {0→ · · · → 0→ AN+1cl } → 0, (1)
0→ {0→ A1 → · · · → AN} → F(N)→ {T→ 0→ · · · → 0} → 0, (2)
where Aqcl is the sheaf of germs of closed q-forms on M . By the Poincare´ lemma
[4, 7], there exists a quasi-isomorphism
{T→ 0→ · · · → 0} → {T→ A1 → · · · → ANcl},
where T means the constant sheaf on M .
Proposition 2.2 ([7]). Let N be a positive integer.
(a) If 0 ≤ p < N , then Hp(M,F(N)) is isomorphic to Hp(M,T).
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(b) If p = N , then HN (M,F(N)) fits into the following exact sequences:
0 −→ HN (M,T) −→ HN(M,F(N)) d−→ AN+1(M)0 −→ 0,
0 −→ AN (M)/AN (M)0 −→ HN (M,F(N)) −→ HN+1(M,Z) −→ 0,
where Aq(M)0 is the group of closed integral q-forms on M .
(c) If N < p, then Hp(M,F(N)) is isomorphic to Hp(M,T) ∼= Hp+1(M,Z).
Proof. By the Poincare´ lemma, we can take (AN+1+∗, d) as a resolution of AN+1cl .
Since M is assumed to admit a partition unity, Aq is soft [7] and we have
Hp(M, 0→ · · · → 0→ AN+1cl ) =


0, (0 ≤ p < N),
AN+1(M)cl, (p = N),
Hp+1(M,R), (N < p).
By the long exact sequence associated with (1), we have the isomorphism in (a)
and the first exact sequence in (b). Similarly, by a computation, we obtain
Hp(M, 0→ A1 → · · · → AN ) =
{
AN (M)/dAN−1(M), (p = N),
0, (N < p),
where dAN−1(M) is the image of d : AN−1(M) → AN (M). Thus, the long
exact sequence associated with (2) gives the second exact sequence in (b) and
the isomorphism in (c).
It is easy to see that H0(M,F(0)) = H0(M,T) is identified with C∞(M,T),
the group of T-valued smooth functions on M .
2.2 Relative Deligne cohomology groups
Let π : E → B be a smooth fibration with fiber F . The sheaf ApB of germs of
p-forms on B is naturally a module over RB = A
0
B, so that the inverse image
sheaf π−1ApB is a π
−1
RB-module. For a positive integer p, we define a subsheaf
F pAqE of A
q
E by setting F
pAqE = π
−1ApB ⊗pi−1RB A
q−p
E , where A
q−p
E is regarded
as a π−1RB-module through the natural homomorphism π
−1RB → RE .
For an open subset U ⊂ E, the group F pAqE(U) consists of those q-forms ω
on U satisfying ιV1 · · · ιVq−p+1ω = 0 for tangent vectors V1, . . . , Vq−p+1 at x ∈ U
such that π∗Vj = 0. If {xi} and {yj} are systems of local coordinates of B and
F respectively, then the q-form ω has a local expression
ω =
∑
r≥p
∑
i1,...,ir,
j1,...,jq−r
fI,J(x, y)dxi1 ∧ · · · ∧ dxir ∧ dyj1 ∧ · · · dyjq−r .
As is clear, we have a filtration AqE ⊃ F 1AqE ⊃ F 2AqE ⊃ · · · ⊃ F qAqE ⊃ 0.
Thus, the smooth Deligne complex F(N) = F(N)E on E admits a filtration
F(N) ⊃ F 1F(N) ⊃ F 2F(N) ⊃ · · · ⊃ FNF(N) ⊃ 0
5
T // A1 // A2 // · · · // AN−1 // AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // F 1A1 // F 1A2 // · · · // F 1AN−1 // F 1AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // F 2A2 // · · · // F 2AN−1 // F 2AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
...
...
...
· · · ... ... ... · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // 0 // · · · // 0 // FNAN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // 0 // · · · // 0 // 0 // 0 // · · · .
Figure 1: The filtration of F(N)E
associated to the fibration π : E → B. (See Figure 1.)
The relative Deligne complex F¯(N) is defined by F¯(N) = F(N)/F 1F(N).
When we denote by Aqrel = A
q/F 1Aq the sheaf of germs of relative differential
q-forms with respect to the fibration π : E → B, the relative Deligne complex
F¯(N) is expressed as
F¯(N) : T
1
2pi
√
−1d log−→ A1rel d−→ A2rel d−→ · · · d−→ ANrel −→ 0 −→ · · · .
We call the hypercohomology group Hm(E, F¯(N)) the relative Deligne co-
homology [7, 8]. Clearly, if B consists of a single point, then F¯(N) = F(N), so
that Hm(E, F¯(N)) = Hm(E,F(N)).
The relative Deligne complex fits into the following short exact sequences of
complexes of sheaves on E similar to (1) and (2):
0 // {T→ A1rel → · · · → ANrel,cl} // F¯(N) d // {0→ · · · → 0→ AN+1rel,cl} // 0, (3)
0→ {0→ A1rel → · · · → ANrel} → F¯(N)→ {T→ 0→ · · · → 0} → 0, (4)
where Aqrel,cl is the sheaf of germs of closed relative q-forms on M . By the
relative version of the Poincare´ lemma [7], there exists a quasi-isomorphism
{π−1T→ 0→ · · · → 0} → {T→ A1rel → · · · → ANrel,cl},
where π−1T = π−1TB is the inverse image of the sheaf TB under π : E → B.
We can obtain the following properties of the relative Deligne cohomology
by the same method as that used in the proof of Proposition 2.2.
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Proposition 2.3. Let N be a positive integer.
(a) If 0 ≤ p < N , then Hp(E, F¯(N)) is isomorphic to Hp(E, π−1T).
(b) If p = N , then HN (E, F¯(N)) fits into the exact sequences:
0→ HN (E, π−1T)→ HN(E, F¯(N))→ AN+1(E)rel,cl → HN+1(E, π−1T),
HN (E,Z)→ AN (E)rel/dAN−1(E)rel → HN(E, F¯(N))→ HN+1(E,Z)→ 0.
(c) If N < p, then Hp(E, F¯(N)) is isomorphic to Hp(E,T) ∼= Hp+1(E,Z).
For computations of Hm(E, π−1TB), the next lemma is useful.
Lemma 2.4. Let π : E → B be a smooth fibration with fiber F . There exists
a spectral sequence converging to a graded quotient of Hm(E, π−1TB) with its
E2-term given by
Ep,q2 = H
p(B,TB ×T Hq(F,T)),
where Hq(F,T) is the sheaf on B associated with the presheaf given by the
assignment of Hq(π−1(V ),T) to an open set V ⊂ B.
Proof. The proof is essentially the same as that of a lemma in [7] (1.6.9 Lemma,
p. 59). By virtue of the fibration π : E → B, we have the Leray spectral sequence
[7], that is, a spectral sequence converging to a graded quotient of Hm(E, π−1T)
with its E2-term given by E
p,q
2 = H
p(B,Hq). Here Hq is the sheaf associated
with the presheaf given by the assignment to an open set V ⊂ B of the group
Hq(π−1(V ), π−1T). Now we prove that the sheaf T ×T Hq(F,T) is naturally
isomorphic to Hq. For this aim, it suffices to show that T(V )×THq(π−1(V ),T)
is naturally isomorphic toHq(π−1(V ), π−1T) for a sufficiently small contractible
open set V ⊂ B. Let {Uα}α∈A be a good cover of F . If we take and fix a local
trivialization π−1(V ) ≃ V × F , then {V × Uα}α∈A is a good cover of π−1(V ).
We can see that T(V ) ×T Hq(π−1(V ),T) is the qth cohomology of the Cˇech
complex
∏
α0,...,αj
Γ(V,T)×T Γ(Uα0 ∩ · · · ∩Uαj ,T). Because Hq(π−1(V ), π−1T)
is computed from the same complex, we obtain the natural isomorphism.
3 Equivariant smooth Deligne cohomology
We formulate equivariant smooth Deligne cohomology groups here. As is men-
tioned, the formulation owes the basic ideas to Brylinski’s paper [6].
3.1 Simplicial manifolds associated to group actions
First of all, we introduce a certain simplicial manifold [25] associated to a man-
ifold with a group action.
Let G be a Lie group acting on a smooth manifold M by left. Then we
have a simplicial manifold G• × M = {Gp × M}p≥0, where the face maps
∂i : G
p+1 ×M → Gp ×M , (i = 0, . . . p+ 1) are given by
∂i(g1, . . . , gp+1, x) =


(g2, . . . , gp+1, x), i = 0
(g1, . . . , gi−1, gigi+1, gi+2, . . . , gp+1, x), i = 1, . . . , p
(g1, . . . , gp, gp+1x), i = p+ 1,
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and the degeneracy maps si : G
p ×M → Gp+1 ×M , (i = 0, . . . p) by
si(g1, . . . , gp, x) = (g1, . . . , gi, e, gi+1, . . . , gp, x).
These maps obey the following relations:
∂i ◦ ∂j = ∂j−1 ◦ ∂i, (i < j), (5)
si ◦ sj = sj+1 ◦ si, (i ≤ j), (6)
∂i ◦ sj =


sj−1 ◦ ∂i, (i < j),
id, (i = j, j + 1),
sj ◦ ∂i−1, (i > j + 1).
(7)
To a simplicial manifold, we can associate a topological space called the
realization [12, 15, 25]. The realization of G•×M is identified with the homotopy
quotient ([1]): |G•×M | ∼= EG×GM , whereEG is the total space of the universal
bundle for G. This can be seen by the fact that EG is obtained as the realization
of G• ×G, where G acts on itself by the left translation.
Note that the classifying space BG is also obtained as the realization of
G• × pt, where pt is the space consisting of a single point on which G acts
trivially. We denote by π : G• ×M → G• × pt the map of simplicial manifolds
given by the projection π : Gp ×M → Gp × pt.
3.2 Definition of equivariant smooth Deligne cohomology
In order to define equivariant smooth Deligne cohomology groups, we briefly
explain the notion of a sheaf on a simplicial manifold (a simplicial sheaf, for
short) and its cohomology group [10].
Let G•×M be the simplicial manifold associated to an action of a Lie group
G on a smooth manifold M . We define a simplicial sheaf on G• ×M to be a
family of sheaves S• = {Sp}p≥0, where Sp is a sheaf on Gp×M such that there
are homomorphisms ∂˜i : ∂
−1
i Sp → Sp+1 and s˜i : s−1i Sp+1 → Sp obeying the
same relations as (5), (6) and (7).
For each p, let Ip,∗ be an injective resolution of the sheaf Sp on Gp ×M .
Sp →֒ Ip,0 δ−→ Ip,1 δ−→ Ip,2 δ−→ · · · .
We denote this by I∗,∗, and call an injective resolution of the simplicial sheaf
S•. The homomorphism ∂˜i : ∂−1i Sp → Sp+1 induces a homomorphism ∂∗i :
Γ(Gp × M, Ip,q) → Γ(Gp+1 × M, Ip+1,q). Combining these homomorphisms,
we define a homomorphism ∂ : Γ(Gp × M, Ip,q) → Γ(Gp+1 × M, Ip+1,q) by
∂ =
∑p+1
j=0(−1)j∂∗j . This homomorphism satisfies ∂ ◦ ∂ = 0, because of (5).
Now the hypercohomology of the simplicial sheaf S• is defined to be the co-
homology of the double complex (Γ(Gi×M, Ii,j), ∂, δ). This cohomology group
is independent of the choice of an injective resolution I∗,∗. The independence
is shown by the same method as in the case of the ordinary hypercohomology.
We denote the cohomology by H∗(G• ×M,S•).
The notion of a complex of simplicial sheaves and of its hypercohomology
group are defined in a similar fashion.
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Definition 3.1. Let G be a Lie group acting on a smooth manifold M .
(a) We define a complex of simplicial sheaves F(N)G•×M on G•×M by the
family of the smooth Deligne complex {F(N)Gp×M}p≥0. The homomorphisms
∂˜i : ∂
−1
i F(N)Gp×M → F(N)Gp+1×M and s˜i : s−1i F(N)Gp+1×M → F(N)Gp×M
are the natural ones.
(b) We define a subcomplex F 1F(N)G•×M of F(N)G•×M by the family
{F 1F(N)Gp×M}p≥0, where F 1F(N)Gp×M is the subcomplex of F(N)Gp×M as-
sociated to the fibration π : Gp ×M → Gp × pt.
(c) We define a complex of simplicial sheaves F¯(N)G•×M on G• × M by
the family {F¯(N)Gp×M}p≥0, where F¯(N)Gp×M is the relative Deligne complex
with respect to the fibration π : Gp ×M → Gp × pt.
Note that the complex of simplicial sheaves F¯(N)G•×M can also be given
by the quotient F¯(N)G•×M = F(N)G•×M/F 1F(N)G•×M .
As is clear, if G is a discrete group, then F(N)G•×M = F¯(N)G•×M .
Definition 3.2. Let G be a Lie group acting on a smooth manifold M . We
define the G-equivariant smooth Deligne cohomology group of M to be the hy-
percohomology group Hm(G• × M, F¯(N)G•×M ) of the complex of simplicial
sheaves F¯(N)G•×M on G• ×M .
From now on, we omit the subscripts of F(N)Gi×M , F(N)G•×M , etc. We
also write Hm(G• ×M, F¯(0)) = Hm(G• ×M,T).
Remark 2. For a finite group G, the hypercohomology Hm(G• ×M,F(N)) =
Hm(G•×M, F¯(N)) is introduced in the work of Lupercio and Uribe [22] as the
Deligne cohomology group for the orbifold M/G.
By definition, the hypercohomology Hm(G• ×M, F¯(N)) is given in the fol-
lowing way. Let I∗,∗,∗ be an injective resolution of F¯(N), that is, Ii,∗,∗ is an
injective resolution of the complex of sheaves F¯(N) on Gi ×M :
...
...
...
...
Ii,1,0
d˜ //
δ
OO
Ii,1,1
d˜ //
δ
OO
· · · d˜ // Ii,1,N d˜ //
δ
OO
Ii,1,N+1
d˜ //
δ
OO
· · ·
Ii,0,0
d˜ //
δ
OO
Ii,0,1
d˜ //
δ
OO
· · · d˜ // Ii,0,N d˜ //
δ
OO
Ii,0,N+1
d˜ //
δ
OO
· · ·
T
d˜ //
OO
A1rel
d˜ //
OO
· · · d˜ // ANrel
d˜ //
OO
0
d˜ //
OO
· · · .
We define a triple complex (Ki,j,k, ∂, δ, d˜) by
Ki,j,k = Γ(Gi ×M, Ii,j,k). (8)
On ⊕m=i+j+kKi,j,k, the total coboundary operator is defined by D = ∂ +
(−1)iδ+(−1)i+j d˜ on the component Ki,j,k. The cohomology of this total com-
plex is Hm(G• ×M, F¯(N)).
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3.3 The Cˇech cohomology description
It is possible to compute the equivariant smooth Deligne cohomology by means
of a Cˇech cohomology. For this purpose, we introduce the notion of an open
cover of the simplicial manifold G• ×M .
Definition 3.3 ([5, 6]). We define an open cover of the simplicial manifold
G• ×M by a family of open covers U• = {U (p)}p≥0 such that:
1. U (p) = {U (p)
α(p)
}α(p)∈A(p) is an open cover of Gp ×M ;
2. the index set A(p) forms a simplicial set A• = {A(p)}p≥0; and
3. we have ∂i(U
(p+1)
α(p+1)
) ⊂ U (p)
∂i(α(p+1))
and si(U
(p)
α(p)
) ⊂ U (p+1)
si(α(p))
.
For an open cover U• = {U (p)}p≥0 of G• ×M , we define a triple complex
(Kˇi,j,k, ∂, δ, d˜) by
Kˇi,j,k =
∏
U
(i)
α
(i)
0
,...,U
(i)
α
(i)
j
Γ(U
(i)
α
(i)
0 ...α
(i)
j
, F¯(N)[k]), (9)
where we write F¯(N)[k] for the sheaf located at degree k in the complex F¯(N).
The coboundary operator ∂ : Kˇi,j,k → Kˇi+1,j,k is given by ∂ = ∑i+1l=0(−1)l∂∗l ,
the δ : Kˇi,j,k → Kˇi,j+1,k is the Cˇech coboundary operator, and d˜ : Kˇi,j,k →
Kˇi,j,k+1 is induced by the coboundary operator d˜ : F¯(N)[k] → F¯(N)[k+1]. From
the triple complex, we obtain the total complex by putting Cˇm(U•, F¯(N)) =
⊕m=i+j+kKˇi,j,k, where the total coboundary operator is defined by D = ∂ +
(−1)iδ + (−1)i+j d˜ on the component Kˇi,j,k. We denote by Hˇm(U•, F¯(N)) the
cohomology of the total complex.
As in the case of ordinary sheaf cohomology, there exists a canonical homo-
morphism Hˇm(U•, F¯(N))→ Hm(G•×M, F¯(N)). This induces an isomorphism
lim
→
Hˇm(U•, F¯(N)) −→ Hm(G• ×M, F¯(N)),
where the direct limit is taken over the ordered set of open covers of G• ×M .
When each open cover U (p) is a good cover [4, 7] of Gp ×M , we call U• a
good cover of G• ×M .
Lemma 3.4. If U• is a good cover of G• × M , then there exists a natural
isomorphism Hˇm(U•, F¯(N)) ∼= Hm(G• ×M, F¯(N)).
Proof. Because U (p) is a good cover of Gp ×M for each p, we have an isomor-
phism Hˇq(U (p), F¯(N)) ∼= Hq(Gp × M, F¯(N)). Using the spectral sequence
associated with the filtration F pK = ⊕i≥pKi,∗,∗ and that associated with
F pKˇ = ⊕i≥pKˇi,∗,∗, we obtain the isomorphism in the lemma.
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We give an example of an open cover [6]. Let U = {Uα}α∈A be an open
cover of M . For p = 0, 1, . . . we put A(p) = Ap+1. We define face maps ∂i :
A(p+1) → A(p) and degeneracy maps si : A(p) → A(p+1) by
∂i(α0, . . . , αp+1) = (α0, . . . , α̂i, . . . , αp+1),
si(α0, . . . , αp) = (α0, . . . , αi, αi, . . . , αp).
The open cover U (p) = {U (p)
α(p)
}α(p)∈A(p) is inductively defined by
U
(p)
α(p)
=
p⋂
i=0
∂−1i (U
(p−1)
∂i(α(p))
).
4 Properties of equivariant smooth Deligne co-
homology groups
We study some general properties of the equivariant smooth Deligne cohomology
groupHm(G•×M, F¯(N)) in relations with other cohomology groups. Through-
out this section, G denotes a Lie group acting on a smooth manifold M .
4.1 Relation to smooth Deligne cohomology
Proposition 4.1. There exists a spectral sequence converging to a graded quo-
tient of Hm(G• ×M, F¯(N)) with its E2-term given by
Ep,q2 = H
p(Hq(G∗ ×M, F¯(N)), ∂),
the pth cohomology group of the complex
Hq(M,F(N)) ∂−→ Hq(G×M, F¯(N)) ∂−→ Hq(G2 ×M, F¯(N)) ∂−→ · · · .
Proof. This spectral sequence is given by the filtration F pK = ⊕i≥pKi,∗,∗ of
the triple complex (8). Then the E1-terms are E
p,q
1 = H
q(Gp ×M, F¯(N)), and
the differential d1 : E
p,q
1 → Ep+1,q1 is d1 = ∂ =
∑p+1
i=0 (−1)i∂∗i . Because Ki,j,k is
zero unless i, j, k ≥ 0, the spectral sequence converges to the graded quotient of
Hp+q(G• ×M, F¯(N)) with respect to the filtration.
Corollary 4.2. If G = {e}, then Hm(G• ×M, F¯(N)) ∼= Hm(M,F(N)).
Proof. The natural identification Gp ×M =M implies that Ep,q1 = E0,q1 for all
p and q. It is easy to see that d1 = 0 if p is even, and d1 = id if p is odd. Thus,
the spectral sequence degenerates at E2, and gives the result.
Note that we can identify the E2-term E
p,0
2 of the spectral sequence in
Proposition 4.1 as the differentiable cohomology [20] of G with coefficients the
G-module H0(M,T):
Ep,02 = H
p
group(G,H
0(M,T)).
A condition on G allows us to express the other E2-terms in a similar fashion.
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Lemma 4.3. If G is discrete, then we can identify the E2-term E
p,q
2 of the spec-
tral sequence in Proposition 4.1 as the group cohomology of degree p with coef-
ficients the smooth Deligne cohomology Hq(M,F(N)) regarded as a G-module:
Ep,q2 = H
p
group(G,H
q(M,F(N))).
In particular, we have
E0,q2 = H
q(M,F(N))G = {c ∈ Hq(M,F(N))| g∗c = c for all g ∈ G}.
Proof. Since G is discrete, we have F¯(N) = F(N) and Ep,q1 = Hq(Gp ×
M,F(N)) = Cpgroup(G,Hq(M,F(N))). The identification of the differential d1
with the coboundary operator on the group cochains establishes the lemma.
Remark 3. In general, we have E0,q2 ⊂ Hq(M,F(N))G for any Lie group G.
However, when G is not discrete, it happens that E0,q2 does not coincide with
Hq(M,F(N))G. In fact, when G = SU(2) acts on M = SU(2) by the left
translation, a G-invariant integral 3-form on M is a class in H2(M,F(2))G
which does not belong to E0,22 .
4.2 Relation to equivariant cohomology
We study a relation between the equivariant smooth Deligne cohomology and
the ordinary equivariant cohomology via Hm(G•×M,T) ∼= Hm(G•×M, F¯(0)).
We denote by EG ×G M the topological space obtained by the quotient of
EG ×M under the diagonal action of G, where EG is the total space of the
universal G-bundle EG→ BG. As in [1], we define the equivariant cohomology
group HmG (M,Z) by H
m
G (M,Z) = H
m(EG ×G M,Z), where the latter is the
ordinary (singular) cohomology with coefficients Z.
Notice the following short exact sequence of simplicial sheaves on G• ×M :
0 −→ Z −→ R exp 2pi
√−1−→ T −→ 0,
where Z is the constant simplicial sheaf, and R is given by the sheaf of germs
of R-valued functions on each Gp × M . Thus, by the associated long exact
sequence, we have a homomorphism
Hm(G• ×M,T) −→ Hm+1(G• ×M,Z).
Lemma 4.4 ([6]). If G is compact, then there exists a natural isomorphism
Hm(G• ×M,T) ∼= Hm+1G (M,Z) for m > 0.
Proof. We have an exact sequence
Hm(G•×M,R)→ Hm(G•×M,T)→ Hm+1(G•×M,Z)→ Hm+1(G•×M,R).
It is proved by Dupont [12] that there exists a natural isomorphism Hm(G• ×
M,Z) ∼= Hm(|G• ×M |,Z). Since |G• ×M | ∼= EG×GM , the lemma will follow
from the vanishing of Hm(G• ×M,R) for m > 0.
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There is a spectral sequence converging to a graded quotient of Hp+q(G• ×
M,R) with its E1-term given by
Ep,q1 = H
q(Gp ×M,R) =
{
C∞(Gp ×M,R), (q = 0),
0, (q > 0).
Here we used the fact that R is soft, which is a consequence of the existence a
partition of unity on Gp ×M . This spectral sequence degenerates at E2, and
we have Hp(G• ×M,R) ∼= Ep,02 .
Now, since G is compact, we have an invariant measure dg on G. We suppose
that the measure is normalized. For f ∈ Ep,01 , we define f¯ ∈ Ep−1,01 by
f¯(g1, . . . , gp−1, x) =
∫
g∈G
f(g, g1, . . . , gp−1, x)dg.
If ∂f = 0, then f = ∂f¯ . Hence we have Ep,02 = H
p(G•×M,R) = 0 for p > 0.
As a generalization of (4), we consider a short exact sequence of complexes
of simplicial sheaves on G• ×M :
0→ {0→ A1rel → · · · → ANrel} → F¯(N)→ {T→ 0→ · · · → 0} → 0. (10)
Composing the induced homomorphism
Hm(G• ×M, F¯(N)) −→ Hm(G• ×M,T)
with the homomorphism Hm(G•×M,T)→ Hm+1(G•×M,Z) ∼= Hm+1G (M,Z),
we obtain a homomorphism to the equivariant cohomology group
Hm(G• ×M, F¯(N)) −→ Hm+1G (M,Z).
Lemma 4.5. If G is compact, then Hm(G• ×M, 0→ A1rel → · · · → ANrel) is

A1(M)Gcl, m = 1,
Am(M)Gcl/dA
m−1(M)G, 1 < m < N,
AN (M)G/dAN−1(M)G, m = N,
0, otherwise,
where Ap(M)G is the group of G-invariant p-forms on M , and Ap(M)Gcl is the
group of G-invariant closed p-forms on M .
Proof. Because the sheaf Aprel is soft on each G
i ×M , the group of our interest
is computed as the cohomology of the double complex (L∗,∗, ∂, d˜), where
Li,j =
{
Aj(Gi ×M)rel, 1 ≤ j ≤ N,
0, otherwise.
We compute this cohomology by the spectral sequence associated with the fil-
tration F pL = ⊕j≥pL∗,j. By using the invariant measure on G, we obtain
Ep,q1 = H
q(L∗,p, ∂) =
{
Ap(M)G, q = 0,
0, q > 0.
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Thus, Ep,q2 = 0 for q > 0, and E
p,0
2 is the pth cohomology of the complex
0 −→ A1(M)G d−→ A2(M)G d−→ · · · d−→ AN (M)G −→ 0 −→ · · · .
The spectral sequence degenerates at E2, and we proved the lemma.
Proposition 4.6. Suppose that G is compact and N is a positive integer.
(a) The group HN (G• ×M, F¯(N)) fits into the exact sequence
HNG (M,Z)

AN (M)G/dAN−1(M)G // HN (G• ×M, F¯(N)) // HN+1G (M,Z) // 0.
(b) If m ≥ N , then Hm(G• ×M, F¯(N)) ∼= Hm+1G (M,Z).
Proof. These are straight consequences of the long exact sequence associated
with (10) and the lemmas above.
4.3 Relation to invariant differential forms
We have the following short exact sequence of complexes of simplicial sheaves,
which is a generalization of (3):
0 // {T→ A1rel → · · · → ANrel,cl} // F¯(N) d // {0→ · · · → 0→ AN+1rel,cl} // 0. (11)
By the relative Poincare´ lemma [7], we have a quasi-isomorphism
{π−1T→ 0→ · · · → 0} → {T→ A1rel → · · · → ANrel,cl},
where the simplicial sheaf π−1T on G•×M is the inverse image of the simplicial
sheaf T on G• × pt under the projection π : G• ×M → G• × pt.
Proposition 4.7. Suppose that N is a positive integer.
(a) If 0 ≤ m < N , then Hm(G• ×M, F¯(N)) ∼= Hm(G• ×M,π−1T).
(b) The group HN (G• ×M, F¯(N)) fits into the exact sequence
0 // HN(G• ×M,π−1T) // HN (G• ×M, F¯(N)) d // AN+1(M)Gcl

HN+1(G• ×M,π−1T).
Proof. By the relative version of the Poincare´ lemma, we take (A∗+N+1rel , d) as a
resolution of AN+1rel,cl. By a direct computation, we obtain
Hm(G• ×M, 0→ · · · → 0→ AN+1rel,cl) =
{
0, (0 ≤ m < N),
AN+1(M)Gcl, (m = N).
Now the long exact sequence associated with (11) leads to the proposition.
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4.4 A map to the equivariant de Rham cohomology
For the smooth Deligne cohomology group HN (M,F(N)), there exists a ho-
momorphism to the de Rham cohomology group HN+1DR (M). This is given by
taking the de Rham cohomology class of the image under the homomorphism
d : HN (M,F(N)) → AN+1cl (N) induced by (1). As an equivariant analogy, we
here construct a homomorphism from the equivariant smooth Deligne cohomol-
ogy HN (M, F¯(N)) to the equivariant de Rham cohomology.
As is known, we can formulate the “equivariant de Rham cohomology” by
various models. The model that we employ is the following simplicial model.
Definition 4.8. We define the equivariant de Rham cohomology group by the
total cohomology of the double complex (Aj(Gi ×M), ∂, d).
Remark 4. By the extended de Rham theorem proved by Bott, Shulman and
Stasheff [3] (see also [12]), the equivariant de Rham cohomology introduced
above is isomorphic to the equivariant cohomology with coefficients R:
Hm(A∗(G∗ ×M), ∂, d) ∼= HmG (M,R).
The method of constructing a map to the equivariant de Rham cohomology
group is to extend the image of the homomorphism d : HN(G• ×M, F¯(N))→
AN+1(M)Gcl induced by (11). As the part of the “equivariant extension”, we use
the image of the homomorphism
β : HN(G• ×M, F¯(N)) −→ HN+1(G• ×M,F 1F(N))
induced by the short exact sequence of complexes of simplicial sheaves
0 −→ F 1F(N) −→ F(N) −→ F¯(N) −→ 0. (12)
Since Gp ×M is assumed to admit a partition of unity for each p, it is easy to
see that Hm(G• ×M,F 1F(N)) is the mth cohomology of the double complex
(Li,j , ∂, d˜) given by
Li,j =
{
F 1Aj(Gi ×M), (1 ≤ j ≤ N),
0, otherwise.
(13)
Proposition 4.9. There exists a homomorphism
Υ : HN (G• ×M, F¯(N))→ HN+1(A∗(G∗ ×M), ∂, d).
Proof. Consider a homomorphism of short exact sequences of complexes of sim-
plicial sheaves on G• ×M given in Figure 2. The homomorphism yields the
following commutative diagram:
HN (G• ×M, F¯(N)) d //
β

AN+1(M)G
∂

HN+1(G• ×M,F 1F(N)) d // HN+1(G• ×M, 0→ · · · → 0→ AN+1rel ).
(14)
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0
0

F 1F(N) d //

{0→ · · · → 0→ F 1AN+1}

F(N) d //

{0→ · · · → 0→ AN+1}

F¯(N) d //

{0→ · · · → 0→ AN+1rel }

0 0.
Figure 2: The homomorphism of short exact sequences
The cohomology HN+1(G• ×M, 0→ · · · → 0→ AN+1rel ) is
Ker{∂ : F 1AN+1(G×M)→ F 1AN+1(G2 ×M)}.
Now, for a class c ∈ HN (G• ×M, F¯(N)), we denote by F (0) the G-invariant
(N+1)-form onM obtained by applying d : HN (G•×M, F¯(N))→ AN+1(M)G.
Proposition 4.7 implies that dF (0) = 0. Because HN+1(G•×M,F 1F(N)) is the
total cohomology of (13), we represent β(c) ∈ HN+1(G• ×M,F 1F(N)) by
(F (1), . . . , F (N)) ∈ F 1AN (G×M)⊕ · · · ⊕ F 1A1(GN ×M)
such that ∂F (i−1) + (−1)idF (i) = 0 for i = 2, . . . , N and ∂F (N) = 0. By the
commutative diagram, we have ∂F (0) = dF (1). Hence we obtain an (N + 1)-
cocycle of the double complex (A∗(G∗ ×M), ∂, d):
(F (0), F (1), . . . , F (N), 0) ∈ AN+1(M)⊕AN (G×M)⊕ · · · ⊕A0(GN+1 ×M).
It is straightforward to check that the equivariant de Rham cohomology class
represented by the (N + 1)-cocycle above is independent of the choice of the
representative of β(c). Thus, we obtain the homomorphism Υ by putting Υ(c) =
[(F (0), F (1), . . . , F (N), 0)].
5 Equivariant circle bundles and gerbes
In this section, we classify equivariant principal T-bundles with connection and
equivariant gerbes with connection, by using equivariant smooth Deligne coho-
mology groups. The essential idea here owes also to Brylinski’s paper [6].
We denote by G a Lie group acting on a smooth manifold M .
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5.1 Equivariant circle bundle with connection
As usual, a G-equivariant principal T-bundle overM is defined to be a principal
T-bundle P → M together with a lift of the G-action on M to that on P by
bundle isomorphisms. Following [6], we first reformulate this definition by using
the simplicial manifold G• ×M .
For a principal T-bundle P → M , we define a principal T-bundle ∂P →
G ×M by ∂P = ∂∗0P ⊗ ∂∗1P⊗−1. Similarly, for a T-bundle Q → G ×M , we
define a T-bundle ∂Q → G2 × M by ∂Q = ∂∗0Q ⊗ ∂∗1Q⊗−1 ⊗ ∂∗2Q. By the
relation (5), the T-bundle ∂∂P → G2 × M is canonically isomorphic to the
trivial T-bundle (G2 ×M)× T→ G2 ×M .
Lemma 5.1. For a principal T-bundle P over M , the following notions are
equivalent:
1. a lift of the G-action on M to that on P by bundle isomorphisms;
2. a section σ ∈ Γ(G ×M,∂P ) such that ∂σ = 1 on G2 ×M , where we put
∂σ = ∂∗0σ ⊗ ∂∗1σ⊗−1 ⊗ ∂∗2σ.
Proof. Let π : P →M be a principal T-bundle with a lift of the G-action on M
to that on P by bundle isomorphisms. By definition, we have
∂∗0P = {(g, x, p) ∈ G×M × P | x = π(p)},
∂∗1P = {(g, x, p) ∈ G×M × P | gx = π(p)}.
Using the lift of the G-action, we define a bundle isomorphism ̺ : ∂∗0P → ∂∗1P
by ̺(g, x, p) = (g, x, gp). The inverse ̺−1 gives rise to the section σ. Since
(g1g2)p = g1(g2p) holds for g1, g2 ∈ G and p ∈ P , we have ∂∗2̺ ◦ ∂∗0̺ = ∂∗1̺, so
that ∂σ = 1. By performing this construction conversely, we can obtain a lift
of the G-action from a section σ : G×M → ∂P such that ∂σ = 1.
Theorem 5.2 (Brylinski [6]). The isomorphism classes of G-equivariant T-
bundles over M are classified by H1(G• ×M,T).
The proof of this theorem can be seen in that of Theorem 5.6.
Next, we reformulate the notion of an invariant connection on an equivariant
principal T-bundle. We denote the Lie algebra of G by g, and the natural
contraction by 〈 | 〉 : g⊗Hom(g,√−1R)→ √−1R.
Definition 5.3. Let P →M be a G-equivariant T-bundle, and θ a connection
on P (which is not necessarily G-invariant). We define a function µ : M →
Hom(g,
√−1R) by 〈X |µ(x)〉 = θ(p;X∗), where p ∈ Px is a point on the fiber of
x, and X∗ ∈ TpP is the tangent vector generated by the infinitesimal action of
X ∈ g on P .
Since the left action of G on P commutes with the right action of T on P ,
the map µ is well-defined. We call the above map µ the moment [2].
For a connection θ on a principal T-bundle P on M , we denote by ∂θ the
induced connection ∂∗0θ ⊗ ∂∗1θ⊗−1 on ∂P = ∂∗0P ⊗ ∂∗1P⊗−1.
17
Lemma 5.4. Let P → M be a G-equivariant T-bundle, σ : G ×M → ∂P the
induced section, and θ a connection on P which is not necessarily G-invariant.
For a tangent vector gX ⊕ V ∈ TgG⊕ TxM , the value of the 1-form σ∗(∂θ) is
(σ∗(∂θ)) ((g, x); gX ⊕ V ) = (θ − g∗θ)(x;V )− 〈X |µ(gx)〉. (15)
Proof. By the help of the bundle map ̺ : ∂∗0P → ∂∗1P used in the proof of
Lemma 5.1, we evaluate the value of the 1-form at the tangent vector to give
(σ∗(∂θ)) ((g, x); gX ⊕ V )
= (∂∗0θ − ̺∗∂∗1θ)((g, x, p); gX ⊕ V ⊕ V˜ )
= ∂∗0θ((g, x, p); gX ⊕ V ⊕ V˜ )− ∂∗1θ((g, x, gp); gX ⊕ V ⊕ (gX∗ + gV˜ ))
= (θ − g∗θ)(p; V˜ )− (g∗θ)(p;X∗),
where V˜ ∈ TpP is a lift of the tangent vector V ∈ TxM . Rewriting the last
expression, we obtain the result.
We denote by [ω]rel ∈ Aq(Gp ×M)rel = Aq(Gp ×M)/F 1Aq(Gp ×M) the
relative differential form represented by ω ∈ Aq(Gp ×M).
Lemma 5.5. A connection θ on a G-equivariant principal T-bundle P →M is
G-invariant if and only if [σ∗(∂θ)]rel = 0 in A1(G×M)rel.
Proof. When θ is a G-invariant connection, the expression (15) implies that the
1-form σ∗(∂θ) belongs to F 1A1(G×M). Thus, as an element in A1(G×M)rel,
the 1-form is equal to zero. The converse is apparent.
Theorem 5.6. The isomorphism classes of G-equivariant T-bundles over M
with G-invariant connection are classified by H1(G• ×M, F¯(1)).
Proof. First, for an equivariant T-bundle with connection (P, θ) over M , we
define a cohomology class inH1(G•×M, F¯(1)). Let U• = {U (p)} be a sufficiently
fine open cover of G•×M so that we can take local sections sα : U (0)α → P |U(0)α .
We define a cochain(
fα0α1
θ1α, gα
)
∈ Cˇ1(U•, F¯(1)) = Kˇ
0,1,0⊕
Kˇ0,0,1 ⊕ Kˇ1,0,0 (16)
by setting
sα1 = sα0 fα0α1 , (17)
θ1α =
1
2π
√−1s
∗
αθ, (18)
(∂s)α = σ|U(1)α gα. (19)
In the last line, we put (∂s)α = ∂
∗
0s∂0(α) ⊗ ∂∗1s⊗−1∂1(α). The cochain is closed in
Cˇ1(U•, F¯(1)), and defines a class in H1(G• ×M, F¯(1)). It is straight to verify
that the class is independent of the choice of the local sections and of the open
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cover. We can also verify that the cohomology class is identical for the other
equivariant T-bundle with connection isomorphic to (P, θ).
Secondly, we show the injectivity of this assignment of a cohomology class.
If the cocycle is a coboundary, then we obtain a global G-invariant section s of
P such that s∗θ = 0. Trivializing P by this section, we see that the lift of the
G-action on M to that on P ≃M × T is trivial. Hence, (P, θ) is isomorphic to
the trivial equivariant T-bundle with the trivial connection.
Lastly, we show the surjectivity. As a part of a cocycle in Cˇ1(U•, F¯(1)), we
have a cocycle (fα0α1 , θ
1
α) ∈ Cˇ1(U (0),F(1)). By the standard method, we can
construct a T-bundle P with a connection θ from the cocycle on M . By using
gα and (19), we can construct a global section σ : G ×M → P which makes
(P, θ) into G-equivariant.
We can directly generalize the proof above to obtain the classification of
equivariant principal T-bundles with flat connection.
Corollary 5.7. The isomorphism classes of G-equivariant T-bundles over M
with G-invariant flat connection are classified by H1(G• ×M, F¯(N)), where N
is an integer such that N > 1.
Theorem 5.6 allows us to have a generalization of some results of Hattori
and Yoshida [18].
Corollary 5.8. Let G be a Lie group acting on a smooth manifold M , and P
a principal T-bundle over M equipped with a connection θ.
(a) There exists two obstruction classes for (P, θ) to being G-equivariant.
The first obstruction class belongs to H1(G×M, F¯(1)), and the second obstruc-
tion class to H2group(G,H
0(M,T)).
(b) Suppose that (P, θ) admits a lift of the G-action on M by bundle iso-
morphisms preserving the connection. Such liftings are, up to automorphisms
of (P, θ), in one to one correspondence with H1group(G,H
0(M,T)).
Proof. By the spectral sequence in Proposition 4.1, we obtain an exact sequence
0 −→ E1,02 −→ H1(G• ×M, F¯(1)) −→ E0,12 −→ E2,02 .
Recall that (P, θ) is classified by E0,11 = H
1(M,F(1)). Because E0,12 = Ker{d1 :
E0,11 → E1,11 }, the first obstruction belongs to E1,11 = H1(G×M, F¯(1)). Clearly,
the second obstruction belongs to E2,02 = H
2
group(G,H
0(M,T)). Thus (a) is
proved. The (b) is also clear by E1,02 = H
1
group(G,H
0(M,T)).
Note that when G is a finite group, Corollary 5.8 (b) was shown by Sharpe
as the classification of orbifold group actions on a U(1) gauge field [24].
It would be worth while deriving the moment µ : M → Hom(g,√−1R) in
the context of the equivariant smooth Deligne cohomology group. Let g be the
Lie algebra of G, g∗ the dual space of g, and 〈 | 〉 : g ⊗ g∗ → R the natural
contraction. By the (co)adjoint, the Lie group G acts on an element f ∈ g∗ by
〈X |Adgf〉 = 〈Adg−1X |f〉.
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Lemma 5.9. There exists an isomorphism
H2(G• ×M,F 1F(1)) ∼= {f :M → g∗| f(gx) = Adgf(x) for all g ∈ G} . (20)
Proof. Since F 1A1 is soft on Gp ×M for each p, we have
H2(G• ×M,F 1F(1)) = Ker{∂ : F 1A1(G×M)→ F 1A1(G2 ×M)}.
Let α be an element in F 1A1(G×M). Note that for any tangent vector V ∈ TxM
we have α((g, x);V ) = 0. By a computation, we can see that the cocycle
condition ∂α = 0 is equivalent to the following conditions:
α((g2, x); g2X) = α((g1g2, x); g1g2X),
α((g1, g2x); g1X) = α((g1, g2x); g1Xg2),
where a tangent vector at g ∈ G is expressed as gX ∈ TgG by an element
X ∈ TeG = g. Thus, the isomorphism (20) is induced by the assignment to
α of the map f : M → g∗ defined by 〈X |f(x)〉 = α((e, x);X). Clearly, the
inverse homomorphism is given by the assignment to f :M → g∗ of the 1-form
α defined by α((g, x); gX ⊕ V ) = 〈X |f(x)〉.
Recall that the exact sequence of complexes of simplicial sheaves
0 −→ F 1F(1) −→ F(1) −→ F¯(1) −→ 0
induces a homomorphism
β : H1(G• ×M, F¯(1)) −→ H2(G• ×M,F 1F(1)).
Lemma 5.10. Let (P, θ) be a G-equivariant T-bundle with connection over M ,
and c ∈ H1(G•×M, F¯(1)) the cohomology class that classifies (P, θ). The image
β(c) is identified with the map −1
2pi
√−1µ :M → g∗ under (20).
Proof. We use the same notations as in the proof of Theorem 5.6. We represent
the class c ∈ H1(G• × M, F¯(1)) by the Cˇech cocycle (16) in Cˇ1(U•, F¯(1)).
Regarding it as a cochain in Cˇ1(U•,F(1)), we compute the coboundary. Then
the non-trivial components are given by
∂θ1α −
1
2π
√−1d log gα ∈ A
1(U (1)α ),
where ∂θ1α = ∂
∗
0θ
1
∂0(α)
− ∂∗1θ1∂1(α). By the definition of θ1α and gα, we obtain
∂θ1α −
1
2π
√−1d log gα =
1
2π
√−1σ
∗(∂θ)|
U
(1)
α
∈ F 1A1(U (1)α ).
Now (15) and (20) complete the proof.
We remark that the computations in the proof above is essentially the same
as that performed in [6] to obtain the equivariant Chern class of (P, θ).
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5.2 Equivariant gerbe with connection
The notion of equivariant gerbes (with connection) [6] is defined in a fashion
similar to the simplicial formulation of equivariant principal T-bundles (with
connection). To save pages, we follow terminologies in [7, 8], and drop including
the definition of gerbe itself.
As in the case of principal T-bundles, for a gerbe C overM we define a gerbe
∂C over G ×M by setting ∂C = ∂∗0C ⊗ ∂∗1C⊗−1. Similar notations will be used
in the sequel.
Definition 5.11 ([6]). A G-equivariant gerbe is defined to be a gerbe C over
M together with the following data:
(1) a global object R ∈ Γ(G×M,∂C);
(2) an isomorphism ψ : ∂R → 1 of global objects in the trivial gerbe over
G2 ×M which satisfies ∂ψ = 1 on G3 ×M .
In the definition above, we regard the trivial gerbe over G2×M as the sheaf
of categories of principal T-bundles. So the global object 1 means the trivial
T-bundle (G2 ×M)× T→ G2 ×M .
Definition 5.12 ([6]). A G-equivariant gerbe (C, R, ψ) is said to be trivial if
we have a global object P ∈ Γ(M, C) and an isomorphism η : R→ ∂P on G×M
such that ∂η = ψ on G2 ×M . The data (P, η) is called an equivariant object of
(C, R, ψ).
Theorem 5.13 (Brylinski [6]). The isomorphism classes of G-equivariant
gerbes over M are classified by H2(G• ×M,T).
The proof of this theorem can be seen in that of Theorem 5.16.
Definition 5.14 ([6]). Let (C, R, ψ) be a G-equivariant gerbe over M .
(a) A G-invariant connective structure on (C, R, ψ) is defined to be a con-
nective structure Co on C with an element Drel ∈ Γ(G ×M, (∂Co)rel(R)) such
that the isomorphism ψ carries ∂Drel to the relatively trivial connection on 1.
(b) AG-invariant curving for theG-invariant connective structure (Co, Drel)
is defined to be a curving K for Co such that (∂K)rel(Drel) = 0.
Here we add a few explanations to the definition above. A connective struc-
ture Co on C induces a connective structure ∂Co = ∂∗0Co⊗∂∗1Co⊗−1 on ∂C, and
a curving K for Co induces a curving ∂K = ∂∗0K ⊗ ∂∗1K⊗−1 for ∂Co. From the
connective structure, we obtain the relative connective structure by setting
(∂Co)rel(P ) = (∂Co)(P )/F
1A1
for a local object P ∈ Γ(U, ∂C) given on an open set U ⊂ G×M . We denote by
[∇]rel ∈ Γ(U, (∂Co)rel(P )) = Γ(U, (∂Co)(P ))/F 1A1(U) the element represented
by ∇ ∈ Γ(U, ∂Co(P )). For (∂Co)rel the relative curving
(∂K)rel : Γ(U, (∂Co)rel(P ))→ A2(U)rel
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is defined by (∂K)rel([∇]rel) = [(∂K)(∇)]rel.
When a G-equivariant gerbe is equipped with a G-invariant connective struc-
ture and a G-invariant curving, we simply call it a G-equivariant gerbe with
connection.
Definition 5.15. A G-equivariant gerbe with connection (C,Co,K,R,Drel, ψ)
is said to be trivial if we have a global object P ∈ Γ(M, C), an element ∇ ∈
Γ(M,Co(P )) and an isomorphism η : (R,Drel) → (∂P, [∂∇]rel) such that
K(∇) = 0 and ∂η = ψ.
Theorem 5.16. The isomorphism classes of G-equivariant gerbes with connec-
tion over M are classified by H2(G• ×M, F¯(2)).
Proof. First, we assign a Cˇech cocycle to an equivariant gerbe with connection
(C,Co,K,R,Drel, ψ). Let U• = {U (p)} be a sufficiently fine open cover of
G• ×M . For each open set U (0)α , we take an object Pα ∈ Γ(U (0)α , C) and an
element ∇α ∈ Γ(U (0)α ,Co(Pα)). We also take isomorphisms uα0α1 : Pα1 → Pα0
on U
(0)
α0α1 and vα : R → (∂P )α = ∂∗0P∂0(α) ⊗ ∂∗1P⊗−1∂0(α) on U
(1)
α . We use below
the following notations:
(∂u)α0α1 = ∂
∗
0u∂0(α0)∂0(α1) ⊗ ∂∗1u⊗−1∂1(α0)∂1(α1),
(∂∇)α = ∂∗0∇∂0(α) ⊗ ∂∗1∇⊗−1∂1(α),
(∂v)α = ∂
∗
0v∂0(α) ⊗ ∂∗1v⊗−1∂1(α) ⊗ ∂∗2v∂2(α).
Then we define a Cˇech cochain
 fα0α1α2θ1α0α1 , gα0α1
θ2α, ω
1
α, hα

 ∈ Cˇ2(U•, F¯(2)) = Kˇ
0,2,0⊕
Kˇ0,1,1 ⊕ Kˇ1,1,0⊕
Kˇ0,0,2 ⊕ Kˇ1,0,1 ⊕ Kˇ2,0,0
(21)
by setting
fα0α1α2 = uα0α1 ◦ uα1α2 ◦ uα2α0 ,
θ1α0α1 = (uα0α1)∗∇α1 −∇α0 ,
θ2α = K(∇α),
gα0α1 = v
−1
α0
◦ (∂u)α0α1 ◦ vα1 ,
ω1α = [(∂∇)α]rel − (vα)∗Drel,
hα = ψ ◦ (∂v)−1α .
By computations, we can verify that the cochain is indeed a cocycle. We can
also verify that the cohomology class represented by the cocycle is independent
of all the choices made, and is identical for the other equivariant gerbe with
connection isomorphic to (C,Co,K,R,Drel, ψ).
Secondly, we show that the assignment of a cohomology class is injective.
We suppose that the cocycle assigned to (C,Co,K,R,Drel, ψ) is a coboundary.
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Without loss of generality, we can assume that the cocycle is zero. Then we
have (fα0α1α2 , θ
1
α0α1
, θ2α) = 0 ∈ Cˇ2(U (0),F(2)). This implies that (C,Co,K) is
trivial: we have a global object P ′ ∈ Γ(M, C) and an element ∇′ ∈ Γ(M,Co(P ′))
such that K(∇′) = 0. Similarly, because gα0α1 = 1, there is an isomorphism
η : R → ∂P ′. It is direct to see that ω1α = 0 and hα = 1 lead to the rest of the
conditions for the equivariant gerbe with connection to be trivial.
Finally, we show the surjectivity. Suppose that a class in H2(G•×M, F¯(2))
is given. We represent it by a Cˇech cocycle as in (21). Then we can construct a
gerbe with connection (C,Co,K) from the cocycle condition D(0)(f, θ1, θ2) = 0
in Cˇ3(U (0),F(2)), where D(0) is the coboundary operator on Cˇ2(U (0),F(2)).
(See [7] for the detailed construction.) The condition ∂(f, θ1, θ2)−D(1)(g, ω1) =
0 in Cˇ2(U (1), F¯(2)) implies that we have a global object R ∈ Γ(G×M,∂C) and
an element Drel ∈ Γ(G × M, (∂Co)rel(R)) such that (∂K)rel(Drel) = 0. By
using the condition ∂(g, ω1)+D(2)(h) = 0 in Cˇ1(U (2), F¯(2)), we obtain a global
isomorphism ψ : ∂R→ 1 which carries ∂Drel to the relatively trivial connection
on 1. This isomorphism satisfies ∂ψ = 1 by the rest of the condition ∂(h) = 1
in Cˇ0(U (3), F¯(2)).
A similar proof establishes the following corollary.
Corollary 5.17. The isomorphism classes of G-equivariant gerbes with flat
connection over M are classified by H2(G• ×M, F¯(N)), where N is an integer
such that N > 2.
By using a result in Section 4, we obtain the gerbe version of Corollary 5.8.
Corollary 5.18. Let G be a Lie group acting on a smooth manifold M , and
(C,Co,K) a gerbe with connection over M .
(a) There are three obstruction classes for (C,Co,K) to being G-equivariant.
The first obstruction class belongs to H2(G ×M, F¯(2)). The second and third
obstruction classes are represented by cohomology classes in H1(G2 ×M, F¯(2))
and H3group(G,H
0(M,T)) respectively.
(b) Suppose that we can make (C,Co,K) into a G-equivariant gerbe with
connection over M . The isomorphism classes of such G-equivariant gerbes with
connection are in one to one correspondence with a subgroup F 1H2 contained
in H2(G• ×M, F¯(2)) which fits into the following exact sequence
H0(H1(G∗ ×M, F¯(2)), ∂) // H2group(G,H0(M,T)) // F 1H2 //
H1(H1(G∗ ×M, F¯(2)), ∂) // H3group(G,H0(M,T)).
Proof. By the spectral sequence in Proposition 4.1, we have two exact sequences
0 // F 1H2(G• ×M, F¯(2)) // H2(G• ×M, F¯(2)) // E0,2∞ // 0,
0 // E2,0∞ // F
1H2(G• ×M, F¯(2)) // E1,1∞ // 0.
Recall that (C,Co,K) is classified by E0,21 = H2(M,F(2)). Thus, by means
of the first exact sequence above, it suffices to understand when an element
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in E0,21 survives into E
0,2
∞ . Note that E
0,2
∞ = E
0,2
4 = Ker{d3 : E0,23 → E3,03 }
and E0,23 = Ker{d2 : E0,22 → E2,12 }. Hence we have three obstruction classes
belonging to the following groups
E1,21 = H
2(G×M, F¯(2)),
E2,12 = Ker{d1 : E2,11 → E3,11 }/Im{d1 : E1,11 → E2,11 },
E3,03 = E
3,0
2 /Im{d2 : E1,12 → E3,02 }.
Since E2,11 = H
1(G2 × M, F¯(2)) and E3,02 = H3group(G,H0(M,T)), we have
(a). The first exact sequence above also implies that there is a one to one cor-
respondence between F 1H2(G• ×M, F¯(2)) and the set of isomorphism classes
of G-equivariant gerbes with connection whose underlying gerbes with connec-
tion are (C,Co,K). By expressing the second short exact sequence in terms of
E2-terms, we obtain (b).
Remark 5. Let G = SU(2)δ be the group SU(2) with the discrete topology.
We consider the action of G on M = SU(2) = S3 by the left translation. By
computations, we have E1,11 = E
2,1
1 = 0 for the spectral sequence in Proposi-
tion 4.1. Thus, the obstruction class for a gerbe with connection over S3 which
is classified by an SU(2)δ-invariant class in H2(S3,F(2)) ∼= A3(S3)0 to being
SU(2)δ-equivariant belongs to E3,02 = H
3
group(SU(2)
δ,T). A detailed descrip-
tion of the obstruction class is given by Brylinski [7].
When G is a finite group, the choice of the ways of making a gerbe with
connection over M into G-equivariant was intensively studied by Sharpe [24]
as the classification of orbifold group actions on B-fields. In [22], Lupercio and
Uribe performed the classification by using the Deligne cohomology group for the
orbifoldM/G, which coincides with the equivariant smooth Deligne cohomology
group in the case of G finite.
As Corollary 5.18 indicates, we can “twist” a G-equivariant gerbe with con-
nection by a group 2-cocycle with coefficients in the G-module H0(M,T): let
(C,Co,K,R,Drel, ψ) be a G-equivariant gerbe with connection over M , and
γ : G × G × M → T a smooth function which defines a group 2-cocycle
γ ∈ Z2group(G,H0(M,T)). If we replace the isomorphism ψ of principal T-
bundles by ψγ, then (C,Co,K,R,Drel, ψγ) is also an equivariant gerbe with
connection.
By using the other result in Section 4, we have the next corollary.
Corollary 5.19. Let G be a Lie group acting on a smooth manifold M . If G is
compact, then any G-equivariant gerbe over M admits a G-invariant connective
structure and a G-invariant curving.
Proof. Recall the homomorphism H2(G• ×M, F¯(2))→ H2(G• ×M,T). Since
G is assumed to be compact, the homomorphism is surjective by Proposition
4.6 (a). Now the corollary follows from Theorem 5.13 and Theorem 5.16.
For a gerbe with connection (C,Co,K) over M , we have a closed 3-form
Ω ∈ A3(M)cl called the 3-curvature. It is proved by Brylinski [7] that a closed
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3-form Ω ∈ A3(M)cl is the 3-curvature of a gerbe with connection if and only if
it is integral, namely Ω belongs to the kernel of the map A3(M)cl → H3(M,T)
induced from (1).
Corollary 5.20. Let G be a Lie group acting on a smooth manifold M .
(a) For a G-equivariant gerbe with connection (C,Co,K,R,Drel, ψ) over M ,
the 3-curvature Ω ∈ A3(M)cl of (C,Co,K) is G-invariant.
(b) A G-invariant closed 3-form Ω ∈ A3(M)Gcl is the 3-curvature of a G-
equivariant gerbe with connection if and only if Ω belongs to the kernel of the
homomorphism A3(M)Gcl → H3(G• ×M,π−1T) induced from (11).
Proof. By Proposition 4.7 (b), we have an exact sequence
H2(G• ×M, F¯(2)) d−→ A3(M)Gcl −→ H3(G• ×M,π−1T).
Since the 3-curvature of (C,Co,K) is obtained as the image under d of the class
in H2(G• ×M, F¯(2)) that classifies (C,Co,K,R,Drel, ψ), the exact sequence
above directly leads to the corollary.
As is shown in Proposition 4.9, the image of the homomorphism β : H2(G•×
M, F¯(2)→ H3(G• ×M,F 1F(2)) provides the “equivariant extension part” for
the 3-curvature of an equivariant gerbe with connection. By Lemma 5.10, we can
think of it as a “moment” associated with an equivariant gerbe with connection.
The image of β is used in [17] to study a relationship between G-equivariant
gerbes with connection over M and gerbes with connection over the quotient
space M/G.
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